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Abstract 

We intend to show that the vacuum manifold inherent in the Minkowskian non-Abelian model 
involving Higgs and Yang-Mills BPS vacuum modes and herewith quantized by Dirac can be described 
with the help of the superselection rules if and only if the "discrete" geometry for this vacuum manifold 
is assumed (it is just a necessary thing in order justify the Dirac fundamental quantization scheme 
applied to the mentioned model) and only in the infinitely narrow spatial region of the cylindrical 
shape where topologically nontrivial vortices are located inside this discrete vacuum manifold. 
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In the recent paper [T] it was argued that the so-called Dirac fundamental quantization [5] of the 
Minkowskian non-Abelian model involving Higgs and Yang-Mills (YM) vacuum BPS modes, coming to 
the Gauss-shell reduction of the mentioned model in terms of topological Dirac variables, gauge invariant 
and transverse functionals of YM fields 0, is compatible with assuming the "discrete" geometry for the 
appropriate vacuum manifold: 

R ym = Z®Gq/U . (1) 
Such representation for the vacuum manifold Rym is the direct consection of the "discrete" representations 

SU(2) ~ Go <8> Z; [7(1) ~ U ® Z (2) 

for the initial, SU(2), and residual, U(l), gauge symmetries groups (respectively) in the Minkowskian 
non-Abelian Higgs model (we shall refer to this model as to the YMH model henceforth in the present 
study). 

From the topological viewpoint, the discrete representation © for the gauge groups G and H extracts 
"small" (topologically trivial) and "large" (corresponding to topological numbers n^O) gauge transfor- 
mations in the complete set of appropriate gauge transformations (the idea of such subdividing for gauge 
transformations was suggested in Ref. [TO]). 

According to the terminology [TU], the complete groups Go and Hq just contain "small" gauge trans- 
formations, that implies 

7r„G = ir n H Q = (3) 

for loops in the group spaces Go and Hq in all the dimensions n > 1. 
Simultaneously, in definition, 

7T Go = TT Hq = 0, (4) 

i.e. Go and Hq are maximal connected components (in the terminology 11 ) in their gauge groups 
(respectively, G and H). 

Later Eq. implies [11] that 

^o[Go®Z]=^o[G ®Z]=^o(Z) = Z. (5) 



It becomes obvious from Eq. (JlJ that the "small" coset Gq/Uq is one-connected: 

MGo/Uo) =0. 

Really, the coset Gq/Uq is treated as the space of C/o-orbits on Go; the latter space is one-connected. 

One can see also the topological equivalence between Gq/Uq and the subset of one-dimensional ways 
on i?YM which can be contracted into a point. 

The vacuum manifold -Rym is transparently multi-connected (i.e. discrete): 

MRym) = Z. (6) 

This implies |llj that domain walls exist between different topological sectors in the Minkowskian Higgs 
model with vacuum BPS monopoles quantized by Dirac. 

The origin of said domain walls is in the " discrete" factorisation @ of the residual gauge symmetry 
group U{1). 

As it is well known (see e.g. §7.2 in [T^] or the paper [32]), the width of a domain (or Block, in the 
terminology |13j ) wall is roughly proportional to the inverse of the lowest mass among all the physical 
particles presented in the (gauge) model considered. 

1 As important "milestones" in development of this model, it is worth to mention the papers [3} {4j [5] [6] \E\ ■ F° r the 
history of the question see also the survey [9]. 



2 



In Minkowskian Higgs models (without quarks) the typical such scale is the (effective) Higgs mass 
m/y/X- In particular, in the Minkowskian YMH model O 01 El El [8] with vacuum BPS monopoles 
quantized by Dirac, m/vA is the only mass scale different from zero (in the "world with quarks" this 
remains almost correctly at assuming 1, mo -C m/VX for any "bare" flavour mass mo). 

Together with the "effective Higgs mass" m/vA, it is possible to write down the value roughly its 
inverse, i.e. having the length dimension. It is the (typical) size e of BPS monopoles. 
It can be given as gj [Tj |5] 

1 _ gm g 2 < B 2 > V 

with g being the YM coupling constant. Thus e is inversely proportional to the spatial volume V ~ r 3 
occupied by the appropriate YMH field configuration. 

The said allows to assert that e disappears in the infinite spatial volume limit V — > oo, while it is 
maximal at the origin of coordinates (herewith it can be set e(0) — > oo). This means, due to the above 
reasoning [13 , that walls between topological domains inside Rym become infinitely wide, O(e(0)) — > oo, 
at the origin of coordinates. 

The fact e(oo) —¥ is also meaningful. This implies actual merging topological domains inside the 
vacuum manifold -Rym, ©, at the spatial infinity. This promotes the infrared topological confinement 
(destructive interference) of Gribov "large" multipliers t/™)(x) in gluonic and quark Green functions in all 
the orders of the perturbation theory. The latter fact was demonstrated utilizing the strict mathematical 
language in Ref. [33] (partially these arguments [2] were reproduced in Ref. [5]). 

The nontrivial isomorphism 

nx(R Y u) = MH) ^0 (8) 

correct [TJ for the vacuum manifold Ryai , (JT|) El, implies the presence of thread topological defects inside 
this manifold. 

As it was argued in the paper [JJ (with the aid of the arguments [UJ), this kind of topological defects 
in the Minkowskian YMH model [3l |4j [6j [71 [8] with vacuum BPS monopoles quantized by Dirac can be 
represented by specific solutions in its YM and Higgs sectors: so-called (topologically nontrivial) threads. 

In particular, in the Higgs sector of the Minkowskian YMH theory [3l HI [H [7J [8] there are [TT] 
z-invariant (vacuum) Higgs solutions in a (small) neighbourhood of the origin of coordinates (p — > 0): 

$ (n) {p, 6, z) = exp(Af(9) 4>{p) (n G Z), V^(p) < const p" 1 " 5 ; S > 0; neZ; (9) 

p = \J x 2 + y 2 is the distance from the axis z . 

One claims for Higgs thread solutions $(")(p, 9, z) to join contineously and smoothly the vacuum 
Higgs BPS monopoles, belonging to the same topology n and disappearing [5] at the origin of coordinates. 
Herewith, speaking "in a smooth wise", we imply that the covariant derivative D<& of any vacuum Higgs 
field $a merges with the covariant derivative of such a vacuum Higgs BPS monopole solution. 

The requirement for vacuum Higgs fields $i to be smooth is quite natural if the goal is pursued, as 
it is done in the Minkowskian YMH model [31 El El [HI El E] with vacuum BPS monopoles quantized by 
Dirac, to justify various rotary effects inherent in this model. 

2 It is the particular case of the general relation 1111 

Ki(K) = 7Ti(Ll) + ■ • • + 7T;(L r ) 

for a group K which is the product of the groups L\ . . . L r at a fixed i (it is correctly for the Lie groups of the series SU, 
U and SO, with which modern theoretical physics deals). 
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In particular, vacuum "electric" monopoles [4 

= Ef = N(t) (A($[ 0) ) *(o)) a - Pn^BK^)) = (2nk + 0)£|_^(<J, (O) ) ; k G Z; (10) 



fJ 2 



prove to be directly proportional to $( ) 



4tt(/ic) 2 ' 

These vacuum "electric" monopoles, in turn, enter explicitly the action functional 



1 f N 2 T 

W N = / d 4 x-(^) 2 = / dt—, (11) 



implicating the "rotary momentum" [4 

, „„, /m, *o 47r 2 e(oo) 47T 2 1 
^(A° C (*l 0) )*(0)c) 2 = - -oTYTB^ (12) 

and describing, in the Dirac fundamental quantization scheme [2J, collective solid rotations inside the 
Minkowskian BPS monopole vacuum. 

Such (smooth) sawing together appropriate vacuum Higgs modes $ ( -™- ) (which are [TT] specific thread 
rectilinear vortices) and BPS monopoles serves to remove the seeming contradiction between the man- 
ifest superfluid properties of the Minkowskian BPS monopole vacuum (suffered the Dirac fundamental 
quantization (5J), setting by the Bogomolny'i [71 151 HI]. 

B = ±D$, (13) 

and Gribov ambiguity [SI [7J |S] , 

[A 2 ($i 0) )] ab *(o)h = 0, (14) 

equations. 

One can assert (following [5]), and this can be seen from (|10p. containing the vacuum "magnetic" field 
B given by the Bogomolny'i equation (|13p. that, due to the Bianchi identity, 

D B ~ D E = (15) 

for vacuum "magnetic" and "electric" tensions: B and E, respectively, in the quested YMH model 
[3j HJ O [6j [7J [8J , these tensions are, indeed, "transverse" vectors colinear each other. This just implies 
the potential nature of the " electric" tension E, that can be perceived as the above contradiction, on the 
face of it. 

Going out from this contradiction seems to be just in locating (topologically nontrivial) threads in the 
infinitely narrow cylinder of the effective diameter e(oo) around the axis z and in joining (in a smooth 
wise) vacuum Higgs fields $|, and Higgs BPS monopole solutions (as it was explained in Ref. pQ). 



3 They involve, firstly, the topological varible N(i) (with its time derivative N(t)) introduced Jp_ via the vacuum Chern- 
Simons functional 

2 tout 

"[^>>* C0) ] = 4^ I dt l Sx V a ^ = d 3 xF? B?(*(V)lN(t ont ) - N(t in )] 

*in 

tout 

— > —oo, tout — > co; 



N{t ont ) - N{t in ) = J dtN(t); tjj, 



and secondly, the real, i.e. physical, topological momentum 

P N = NI = 2-irk + 0; 6 [— JT,7r]. 
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In this case collective solid rotations (vortices) inside the Minkowskian BPS monopole vacuum, oc- 
curring actually in that spatial region around the axis z and described correctly by the action functional 
(fTTj) . become quite "legitimate", and simultaneously, the Gauss law constraint [5] 

[A 2 (<f (0) )r^oc = o, (i6) 

just permitting, in the Minkowskian YMH model [3J [21 El El [7J E] with vacuum BPS monopoles quantized 
by Dirac, the family of zero mode solutions [3J E] 

A c (t,x)=N(t)$l 0) (x) = Z c , (17) 

generating "electric monopoles" ([TU]), is satisfied outward this region with these smooth vacuum "electric" 
monopole solutions. In turn, one can refer pQ the "electric monopoles" (1101) to thread solutions since 
vacuum Higgs fields are such. 

On the other hand, in the region of thread topological defects inside the discrete vacuum manifold 
Rym, Eq. ([15)1 is violated since the vacuum "magnetic" field B suffers a break in this region. Really, 
according to the arguments [T5], the vacuum "magnetic" field B set via the Bogomol'nyi equation (flUl) 
over YM and Higgs BPS monopole solutions diverges as r~ 2 at the origin of coordinates. 

Simultaneously, following [11], thread "counterparts" of YM BPS monopole solutions $° BPS [Jj [8] can 
be constructed: 

A e (p, 0, z) = exp(iMd)A e (p) exp(-iM0), (18) 

with M being the generator of the group G\ of rigid rotations compensating changes in the vacuum YMH 
"thread" configuration ($ a , A") (with $ a given in (|5J)) at rotations around the axis z of the chosen (rest) 
reference frame. 
In jUJ), 

A e (p) = M + (3(p), 

where the function /3(p) approaches zero as p — > oo. 
The elements of G\ can be set as [11] 

g e = exp(iM0). (19) 

YM fields Ag are manifestly invariant with respect to shifts along the axis z. 

Rectilinear threads Ag don't coincide with vacuum YM BPS monopole solutions $? BPS [3 [5], and, 
on the contrary, there are gaps between directions of "magnetic" tensions vectors: Bi, 

\Bi\ ~8 p MpAz), (20) 

and B, given by the Bogomol'nyi equation (|13[) (and diverging as r~ 2 at the origin of coordinates). 

These gaps testify in favour of the first-order phase transition [1] occurring in the Minkowskian YMH 
model [3_1 HI El El E] with vacuum BPS monopoles quantized by Dirac. 

The important point of our above reasoning is that the vacuum expectation value of the Higgs field 
squared, ^< $ a $ a >, cannot be treated as an order parameter in the Minkowskian YMH model [SHHOS 
HI [Jj H] with vacuum BPS monopoles quantized by Dirac. Otherwise, a flip should exist in the plot of a 
Higgs field $ a (r) at the origin of coordinates, r — > 0, as a sign of the first-order phase transition occuring 
in the Minkowskian YMH model [H El [Jj [8j . But then it will be impossible to "join" continiously and 
smoothly Higgs solutions $ a (r) with "zero mode" solutions Z a [3], ([TT]) . involving Higgs BPS monopole 
modes. And this should contradict to the Dirac fundamental quantization of the model [3J [U 03 El H] ■ 

Vice verse, the vacuum expectation value of the "magnetic" tension, < B 2 >, can serve as an order 
parameter in the quested Minkowskian YMH model [3j [H El El H E] , with the first-order phase transition 
taking place, due to the obvious gap between directions of the "magnetic" tensions vectors Bi and B 
(such assumption was made already in Refs. [TJE|, an d then it was confitmed in the paper p]). 
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This distinguish the Minkowskian YMH model [21 [H [5J El [5] with vacuum BPS monopoles quantized 
by Dirac from another YM models (for instance, the 't Hooft-Polyakov model [16l [UJ) implying the 
continuous ~ S 2 vacuum geometry, where just the vacuum expectation value of the Higgs field squared, 
< <&°<i> >j serves as an order parameter). This is associated with the second-order phase transition 
taking place in such non-Abelian models (this was grounded, for example, in Ref. |18j with the help of 
the arguments |12jV 

The first-order phase transition taking place in the Minkowskian YMH model [21 lU El UJ [H] with 
vacuum BPS monopole solutions quantized by Dirac comes II to the coexistence (in the absolute tem- 
perature limit T 0) of two thermodynamic phases inside the vacuum of that model. These two 
thermodynamic phases are the phase of collective solid rotations, set by the action functional ([TT]) (in- 
volving [topologically nontrivial] thread configurations (3> a , A^) and generating "electric monopoles" Ef 
[1], (fit)]) ) and the phase of superfluid potential motions set by the Bogomol'nyi equation (TIB")) [7J [HI H] 
and the Gribov ambiguity equation (fTl)) . 

The just described thermodynamic phases inside the Minkowskian YMH physical vacuum [21 [H El 
El HIE] can be characterized by two different scales for the "effective" Higgs mass m/vA. For instance, 
collective solid rotations inside that vacuum correspond, as it is easy to see, to the zero mass scale 
m/y/X — > 0, while superfluid potential motions correspond to a nonzero mass scale m/vA 7^ 0. 

At T —> the both thermodynamic phases inside the Minkowskian physical vacuum [3J El O [5J UJ E] 
as if freeze [I], that gives a stable look to the studied model [3J El El El H] ■ Nevertheless, it remains 
an important question, in the framework of the first-order phase transition occurring therein, which of 
the enumerated thermodynamic phases "belongs" to the "true" and which to the "false" (metastable) 
vacuum? 

In the present study we attempt to ground that, for all that, collective solid rotations inside the 
Minkowskian physical vacuum [21 El El El H] relate to the "true vacuum" , while superfluid potential 
motions therein relate to the "false" vacuum. 

The key point in this grounding will be once again the "discrete" vacuum geometry ([1]) [1] us assumed 
for the appropriate vacuum manifold -Rym- 

In the coordinate region 

r = \J ' x 2 + y 2 0; arbitrary z (21) 

of the Minkowski space (i.e. [infinitely] near the axis z of the chosen rest reference frame), the vacuum 
manifold -Rym, (HI), consists of topological domains separated by infinitely thick walls of the typical 
thickness e(0) — > 00. 

In this case the assumption is quite permissible that topological sectors inside the vacuum manifold 
Rym in the pointed spatial region can be identified with the super 'selection sectors [coherent spaces] (see 
e.g. §6.2 in [19]). 

Indeed, to accomplish such an identification, some conditions would be observed. Note, first of all, 
that the term "coherent spaces" implies 19! constructing physical Hilbert spaces H n (n G Z), which 
are, from the physical viewpoint, quantum analogues of topological sectors inside Rym- I n turn, in 
definition, coherent Hilbert spaces H. n would consist of vectors describing pure quantum states and 
forming irreducible representations of these T-L n . Only thereafter, the vacuum manifold Rym can be 
represented (in the meanwhile, theoretically!) as [T9"] 

Rym =s ® n H n , (22) 

where all the H n are mutually orthogonal. 

Latter Eq. reflects also [T^] identifying the gauge and topological charges. It is quite justified in the 
Minkowskian YMH model [3j El [5j [6j [Jj [8] quantized by Dirac due to the nature of topological Dirac 
variables A D [H[5], 

if = v^( X )Texp jy" &4 (f,x) j (if + 8k) 
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,,(«) 



(x)Texp { / dtA (t,-x) 



D k A° 



0; (23) 



k = 



1,2,3; 



involving ("small", "large") gauge matrices z/ ra )(x) [ID) . 

The key point of the present reasoning is that each H n consist of vectors describing pure quantum 
states. But as far as it is correctly for the vacuum manifold -Rym? Obviously, in the light identifying 
the gauge and topological charges in the Minkowskian YMH model [3] 2] [5] [5] quantized by Dirac, 
each coherent physical Hilbert space H n would imply fixing a definite topology n inside Rym- Then one 
can speak about the pure quantum states sweeping H n . These pure quantum states can be transformed 
each into another by means of "small" gauge matrices u'^fx); on the other hand, there is a one-to-one 
correspondence between this H n and the set of "large" gauge matrices »W(x). 

In the theoretical-group language, a one-to-one correspondence can be traced between a Hilbert space 
% n and the appropriate "small" orbit of U(l) C SU(2). The said allows, following Ref. [20], to represent 
a (physical) coherent Hilbert space H. n as V ®V U (u € U(l)), with V being the Hilbert space in the usual 
"classical" sence, while V u being the (finite-dimensional) vector space topologically equivalent to the n th 
topological sector inside U(l) ~ S 1 group space. 

There are, however, definite remarks and questions, whether and to which extend it is posible to do 
this fixing a definite topology inside the vacuum manifold -Rym? 

As it was discussed in Ref. [1 repeating the arguments [IT], YM fields with equal magnetic charges 
m/0 can annihilate mutually at crossing topologically nontrivial threads which are always present inside 
the discrete manifold Rym ■ Furthermore, topological deffects (hedgehogs and threads in the discussed 
YMH model [3j [4] [5] [6j [7] [8] ) can merge and annihilate quite spontaneously, beyond the above colliding 
processes (see e.g. §$1 in [1 lj ) . 

All this, on the face of it, impedes fixing a definite topology inside Rym (as a result, quantum states 
become mixed). But the reasonable way out from this problem seems to be the following. One consider 
all the processes with merging and annihilating topological defects as those violating thermodynamic 
equilibrium inside R Y m ■ I n this case it is possible to fix a definite topology n inside the discrete vacuum 
manifold -Rym and to construct the appropriate coherent physical Hilbert spaces T-L n if the time r during 
which merging and annihilating topological defects proceeds is large enough (see e.g. §110 in [2I]). Then 
(quantum) fluctuations of physical parameters referring to -Rym will be small and these parameters will 
refer to a thermodynamic equilibrium. Only at these assumptions one can assert that the vacuum manifold 
.Rym is in a pure quantum state (corresponding to the direct sum ®„H„). As it was demonstrated in [21] , 
the above claim r — > oo is equivalent to the Gaussian distribution of physical parameters characterizing 
Rym- 

On the other hand, the knowledge about the free energy F of the vacuum manifold -Rym is very 
important to decide whether physical parameters characterizing -Rym are distributed Gaussian (that is 
equivalent to finding this manifold in a pure quantum state). 

The maximum entropy point of a model can be normalized to be [21) S max = S\ x =x=o (in our case x 
is a physical parameter characterizing R Y m while x is its [Gibbs] average) . Whence 



Then in a neighborhood of x — 0, the entropy S — (E — F)/T inherent in the vacuum manifold -Rym can 
be expand in the series [2JJ 



by the powers of x. 

In this case the probability w{x) for x to be in the interval [x, x + dx] which is directly proportional 




(24) 




(25) 



to e s ^: 



w 



(x) = const • e s( - x \ 



(26) 



just results the Gaussian distribution for x: 



w(x)dx — Ae 2 



A= ^/JJ 7 ^. 



(27) 
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We see thus the importance knowing the complete Hamiltonian describing -Rym, ©• In particular, it is 
worth to study the item in this Hamiltonian responsible for colliding vacuum BPS monopole modes with 
(topologically nontrivial) threads (i.e. YM fields Ag [HE], (fT5]0 . It is optimal herewith the situation 
when f3 is small. Then the entropy S go to its maximum (that corresponds L 2l! to the minimum of the 
free energy F). 

Thus for a system of (physical) fields it is energetically advantageous that corrections to the free 
energy F conditioned by merging and annihilating topological defects are small and "belong" to the 
perturbation theory. 

In the framework of the Minkowskian YMH model [3j |4j E3 [6j [8] quantized by Dirac, for vacuum 
BPS monopole modes colliding QUE] with (topologically nontrivial) threads, it is important, in the light 
of the said above, to understand whether it is described by a perturbation theory in the YM effective 
coupling constant a s (that corresponds to small values of the appropriate /3) or not. 

If it is so, the arising radiative corrections result a shift of the "true" vacuum. This implies, in turn, 
a "blurring" of the first-order phase transition picture taking place pQ in the Minkowskian YMH model 
[3 H 1 i] quantized by Dirac. 

On the other hand, setting x — (x) 2 — refers rather to the symmetric (SU (2)) phase of the quested 
model. But our interest in the Minkowskian YMH model [31 SI El IH1 El [S] is its less symmetrical (U(l)) 
phase, in which various vacuum supcrfiuid and rotary effects are revealed (in the framework of the first- 
order phase transition picture). 

For example, x ^ (then (x) 2 ^ 0) can be ordering parameter characterizing the Minkowskian YMH 
model IH EH [8] quantized by Dirac (it is [8] the ±V< B 2 > for the "magnetic" field squared 
B 2 ). 

In this case x has the nonzero dispersion 

Dx =< {x - x) > 2 = M{x 2 ) - {Mxf ^ (28) 

(Mx is the mathematical, i.e. vacuum in the physical context, expectation value of x). Thinking that 
M(x) — (this is an ordinary assumption in QFT), one has Dx = M(x 2 ) =< x 2 >. 
On the other hand [21], now (at the assumption M(x) =< x >= 0) 

oo 

< (x - x) > 2 =< x 2 >= J x 2 w{x)dx = (29) 

— oo 

Just this shows that the maximum of the entropy, corresponding to the limit /3 — > 0, can be achieved 
in the Minkowskian YMH model [3j [4j El [71 [8] quantized by Dirac if the minimum of the ordering 
parameter V < B 2 > is absolute, i.e. maximally possible deep. In other words, the maximal entropy (in 
the T — > limit) is reached, obviously, over the "true" vacuum, for which < B 2 >=< B\ >^ (this 
"true" vacuum is induced by YM threads Ag [TJ [TTJ . It corresponds to collective solid rotations of the 
physical vacuum [3l [H [5j EH [Jj [8] . Simultaneously, superfluid potential motions inside this vacuum (set by 
the Bogomolny'i and Gribov ambiguity equations) refer to the "metastable" thermodynamic phase (i.e. 
to the "false" vacuum). 

And moreover, it is obviously now that the above describeed gap between the directions B and Bi, 
referring, respectively, to the "superfluid" and "rotary" thermodynamic phases induces the gap in the 
plot of the entropy S. It is just the sign of the first-order phase transition occurring in the Minkowskian 
YMH model O El E3 Eg M quantized by Dirac. 

The case when x ^ is another parameter having a relation to the vacuum manifold -Rym is not less 
interesting. The one of such important parameters is (m/VX)^ 1 for the effective Higgs mass [7j [8] . It 
is obvious now that the /? — > limit (at which the entropy S of the vacuum manifold Rym is maximum 
according to ([241) ) corresponds to the limit (m/VA) -1 — > oo for this parameter. 

"Geometrically" , this occurs in the spatial region ([2T]) along the axis z intimately near this axis. It 
is just p] the region locating (topologically nontrivial) threads inside the vacuum manifold Rym- And 
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moreover, course our above discussion (repeating the arguments JTJ [T3] ) we have elucidatet that the value 
(m/y/X)^ 1 can be interpreted (to within the multiplier g~ x {7J[8Jj) as the (effective) thickness e(V) oc r~ 3 
of domain walls inside the vacuum manifold Rym- It just approaches infinity at the origin of coordinates 

Whence an interesting conclusion can be drawn that the maximum entropy in the Minkowskian YMH 
model [31 131 [SJ IE1 HI IE] quantized by Dirac is achieved in the spatial region intimately near the axis z 
(of the chosen rest reference frame), the region locating thread topological defects inside the vacuum 
manifold Rym- On the other hand, this allows to apply the superselection rules [19] to this manifold in 
order to construct the Hilbert space $ n H„: in a definite sense, the latter one is a quantum analogue of 

Rym- _ 

As to the "effective" Higgs mass (m/y/X) ~ e{V)~ x (it is the only mass scale in the Minkowskian 
YMH model (3] [4j [5l [6J [7j |8] quantized by Dirac beyond incorporating quarks in this model), it approaches 
zero as r — > (e(0) — > oo) in the maximum entropy point S(0) of the plot S(r)), i.e. there where the 
superselection rules [IH] are valid. Thus the model [31 SI El El H [5] becomes massless (involves the zero 
mass gap) in the r — > limit. 

As it was discussed in Ref. [T], in the r — > oo limit, the "geometrical" picture of the vacuum manifold 
Rym changes in a radical wise. Domain walls become (infinitely) thin, and this promotes merging 
topological domains inside -Rym in this spatial region. In this case merging (annihilation) topological 
defects cannot be considered as perturbation processes because of unsuppressed tunelling through such 
(infinitely) thin domain walls 0. Then also our above arguments of the "maximum entropy" |21j lose 
their validity. 

Namely against this background of tunelling effects between topological domains inside Rym at dis- 
tances r 3> superfluid potential motions proceed in the Minkowskian physical vacuum [3l [H [6l [71 [8] 
involving BPS monopole solutions and quantized by Dirac. 

Thus to achieve the correct superselection description of the vacuum manifold Rym, any coherent 
Hilbert space H. n would be restricted in the Minkowskian coordinate space. The scalar product in such 
Hilbert spaces looks as following: 

n 

2vr j f(r)g(r)r 2 dr; f(r), g(r) € H n ', r = yj x 2 + V 2 (30) 
o 

(in cylindrical coordinates introduced in the Minkowskian space). The upper limit r% in the above 
Lebesgue integral can be evaluated as v\ — > ~ 0(e(oo)), i.e. it is infinitely small. 

It is easy to see (this, perhaps, will be done in the one of future studies the author plans) that 
"thinning" domain walls inside Rym at distances r — > oo (with accompanying tunelling effects between 
topological domains inside this vacuum manifold) promotes the infrared topological confinement in the 
spirit |14j i.e. surviving only "small" Gribov multipliers u' n )(x) in quark and gluonic Green functions 
in all the orders of the perturbation theory. And it is the one of important gains of that "thinning" , 
especially because such infrared topological confinement implies [5] the confinement of gluons and quarks 
in the sense as it is realized ordinary in theoretical physic. 

As it was noted in Ref. [1] (and repeated again in the present study), the effective Higgs mass m/vA 
varies (in the Bogomolny'i limit to— >0,A— >0[7l[U HU HI]) in the interval from zero in the spatial 
region (|2ip locating (topologically nontrivial) thread configurations to a nonzero value in the infrared 
limit r — > oo. 

4 

1 qm 

A — > 0, m->0: - = =-=40. 

e V\ 

5 The said resembles the visual picture when liquid helium II, possessing superfluidity, flows in parallel capillaries with 
porous walls. 
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The limit m/yX — > can be treated as an ultraviolet one, 

p 2 = {m/y/Xf = 0. 

It corresponds to the 'cut-off' parameter [3] e(oo) — > 00. 

In the opposite spatial region r — > oo of the infrared topological [14] and "physical" [B] confinement, 
the reasonable question arises about correct estimating the nonzero value of the effective Higgs mass 
m/vA. With a large probability, it is in a correlation with the typical hadronic radius [22] 77, ~ 1 fm. 

Thus one can consider the diapason [0,m(rh)} in which the effective Higgs mass m/\/X varies (where 
m(rh) can be treated as an infrared cut-off \j ). Herewith the point m/y/X = 0, that is scale (renorm- 
group) invariant, is treated as the ultraviolet fixed point 22 . There is, obviously, a continuous (and 
analytical) renorm- group transformation connecting this zero value and m(r^). This allows to interpret 
the effective Higgs mass m/VX as a Wegner variable [23j|24] (this circumstance was noted already in the 
paper [9]). 

The said gives a hope, in spite the first-order phase transition occurring in the Minkowskian YMH 
BPS monopole model [21 18] quantized by Dirac, that weak, m/y/X—t 0@, and strong, m/\/X —> 
m(rh), coupling regions can be connecteed by an analytical line (referred to as the critical line in the 
paper [23] )E 

In the recent paper [T| and in the present study the ways solving the mass gap problem in the 
Minkowskian YMH BPS monopole model [21 [5] quantized by Dirac and involving the discrete 

6 This 'cut-off' parameter enters [4] [3 El as the lower integration limit the expressions for the vacuum "magnetic" and 
"electric" energies. For instance, the expression 

oo oo 

1 r , q . _„,_., 9 1 n 1 f dr 1 1 qm 2n 

- / di[Bf = —V < B >= - / — ~- = 2n^= = ^— 

2 J 2 2a s J H 2 a s e(oo) g 2 VA 3 2 e(oo) 

e(oo) € (°°) 

for the vacuum "magnetic" energy. The similar computations take place also for the "electric" vacuum energy item l |ll|) . 
proving to be directly proportional to e(oo). 

7 Indccd, infrared QCD effects refer to the interval of distances [r^, oo[, but any gluonic string confining a quark-antiquark 
pair near each other cannot stretch to infinite distances; it will tear to a few strings with typical lengths ~ 1 fm |22j . 
Therefore, there are no any sence to consider (m/^fX)\ oa ), which formally approaches infinity according to Eq. J7). 

8 One can think that it is a function of the spatial cylindrical region i!2 1 li locating thread topological defects inside the 
vacuum manifold Rym- 

9 As it was analyzed in pTJ, annihilating processes for magnetic charges m ^ (i.e. appropriate YM BPS monopole 
modes and excitations over the BPS monopole vacuum) colliding with (topologically nontrivial) threads Ag can lead (in a 
definite time space) to the situation when all such magnetic charges annihilate while Higgs vacuum modes possess arbitrary 
electric charges (according to the Dirac quantization 25 of the both types of charges). In the terminology I26| . one can 
refer to this as to the Higgs phase (with additional screening "Higgs" electric charges by BPS ansatzes 7 8, 11 15 , playing 
the role of electric formf actors [T]). 

As it is well known I26| . the Higgs phase is treated as that dual to the confinement phase, when Higgs vacuum modes are 
"magnetic objects" while quark and gluons are "electric objects". 

For the "ordinary" Higgs non-Abelian gauge theory the Fradkin-Shenker (Osterwalder-Seiler) theorem takes place 1271 . 
It turns out that there are no transition separating the Higgs and confinement phases in such theory. But the proof of 
the Fradkin-Shenker (Osterwalder-Seiler) theorem losses its validity in the BPS limit [7| [8] 1111 115| A — > 0, when the Higgs 
potential decouples from the complete QCD action functional. 

Additionaly, the Fradkin-Shenker (Osterwalder-Seiler) theorem 127) is valid only in the non-Abelian gauge theory where 
the Higgs vacuum expectation value < $ > 2 serves as an order parameter. 

This creates definite difficulties since the Higgs and confinement phases can be now separated each from other. In 
particular, it can be correctly for the Minkowskian YMH BPS monopole model [3] [4) El E] [8] quantized by Dirac. 
Then such "separation" will be in an agreement with the first-order phase transition occurring therein but in a definite 
contradiction with the treatment of the "effective" Higgs mass m/\f\ as a Wegner variable. Also < <J? > 2 ceases to be the 
order parameter in the mentioned model; instead, the value < B > 2 for the vacuum "magnetic" field B acquires the sense 
of such a parameter. 

The way out from this uncertain situation is, on the author particular opinion, is in reexamining the Fradkin-Shenker 
(Osterwalder-Seiler) theorem in the BPS limit. 
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vacuum geometry JT]) (calling to justify the Dirac fundamental quantization scheme [5] applied to this 
model) are outlined. Of course, lot of difficulties still remain in this aspect need further study. For 
examle, the relation between the first-order phase transition taking in the Minkowskian YMH model 
[3j |4j [5j |6j [3 |8] quantized by Dirac and the existence therein the critical line [23] connecting weak 
and strong coupling regions: more exactly, wheter these both things are compatible each with other or 
notB 
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